Superposition principle for qubit states in spin-projection mean
  representation by Fedorov, Andrey & Manko, Vladimir
SUPERPOSITION PRINCIPLE FOR QUBIT STATES
IN SPIN-PROJECTION MEAN REPRESENTATION
Fedorov A.Yu. and Man’ko V.I.1, 2
1Lebedev Physical Institute, Russian Academy of Sciences
Leninskii Prospect 53, Moscow 119991, Russia
2Moscow Institute of Physics and Technology (State University)
Institutskii per. 9, Dolgoprudnyi, Moscow Region 141700, Russia
3Russian Quantum Center, Skolkovo, Moscow 143025, Russia
∗Corresponding author e-mail: manko @ sci.lebedev.ru
Abstract
The superposition principle of two qubit states is formulated as nonlinear addition rule of mean spin-
projection onto three perpendicular directions. The explicit expression for the mean value determining
the superposition state in term of the two initial pure states of the qubit is obtained. Possibility to
check the superposition expression in experiments is discussed.
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1 Introduction
In quantum mechanics the states are defined by wave functions satisfying linear Schrodinger equation
[Schrodinger 1926][1,2] or density matrix introduced by Landau [Landau,Lifschitz] [3],see also [Dirac]
[4],[Davidov] [5]. There are other representations of quantum states, for example, the Wigner function
was introduced by Wigner [6]. Also, for example, there is a representation of states through the Husimi
functions [7]. In 1963, Glaubeh [8] and Sadarshan [9] introduced their presentation - the representation
of Glauber-Sudarshan [10]. In 1997, a probabilistic representation of quantum states was introduced [11],
which forms the basis of this work. In this representation, the state is given by probability distributions
quantum tomography, which can be measured experimentally [12].In this paper, we consider a new
representation related to the system spin-12 , which follows from the probabilistic representation. We
note that a representation similar to the Wigner representation was constructed for spin-12 Stratonovich
[13].
Since the Schrdinger equation is linear one the superposition of its solutions is also solution of the
equation. This property corresponds to physical interference phenomenon. We address in this paper the
following problem. Is it possible to formulate the superposition principle using not the wave functions but
using some statistical characteristics of physical observables e.g. mean values of the observables. These
wave functions are expressed in terms of the mean values of the spin projection. Due to this superposition
of wave functions gives the possibility to describe this superposition in terms of corresponding linear
property of the mean values.
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We consider this approach using the simple example of spin-12 system. The superposition of the states
was expressed in probability representation of quantum states using probability distribution determining
in this representation these states. We present here another form of the states superpositions expressed
in terms of the spin observables mean values. This approach can be extended to other systems using the
linear equations for tomographic probability distributions see e.g. [14].
In this paper, we show that the spin wave functions of particles with spin-12 can be expressed in terms
of the mean values of the spin projection on the orthogonal coordinate axes. We also show what kind the
density matrix will have in these terms. On the basis of this representation, we obtain the superposition
formula of these wave functions in terms of the mean values of the spin projections. The states, in our
case, the spin state, can be expressed in terms of classical quantities that can be measured experimentally.
Thanks to this view, it is assumed that the laws of quantum physics can be verified experimentally.
The paper is organized as follows.
In Sec. 2 we show that the spin wave functions of particles with spin-12 can be expressed in terms
of the average values of the spin projection on the orthogonal coordinate axes. We also show what kind
the density matrix will have in these terms. In Sec. 3 On the basis of this representation, we obtain the
superposition formula of these wave functions in terms of the mean values of the spin projections. The
states, in our case, the spin state, can be expressed in terms of classical quantities that can be measured
experimentally. Thanks to this view, it is assumed that the laws of quantum physics can be verified
experimentally. In Sec. 4 we review the results.
2 Spin density matrix of a particle with spin s = 12. The relationship
of the components of the spin density matrix with the average val-
ues of the projections of the spin on the orthogonal x, y, z axes,
respectively.
The states in quantum physics can be described using wave functions, these are the so-called pure
states, also in a more general form using a density matrix. For pure states, the density matrix is
expressed in terms of wave functions as: ρ = |ψ〉〈ψ|. The spin density matrix of a particle with spin 1/2
is a second rank spinor ρλ
µ
, normalized by the condition: ρλλ = ρ
1
1 + ρ
2
2 = 1 and satisfying the Hermitian
condition:(ρλµ)
∗ = ρµλ. The states of a quantum system determined by the vectors |ψ〉 in a Hilbert space
have the property that the superpositions of the vectors c1|ψ1〉 + c2|ψ2〉 with complex coefficients c1
and c2 always describe the other states of the system. The superposition of the vectors corresponds to
superposition of wave functions c1ψ1(q) + c2ψ2(q) describing the states of the systems.
To begin with, we derive how the mean values of the projections of the spin on the orthogonal axes
(x,y,z) are related to the components of the spin density matrix. The diagonal components of the density
matrix determine the probabilities of the values +1/2 and -1/2 spin projections of a spin 1/2 particle on
an axis z. Therefore, the mean value of this projection:
sz =
1
2
(ρ11 − ρ22). (1)
Given the normalization ρ11 + ρ
2
2 = 1 ,we obtain:
ρ11 =
1
2
+ sz, ρ
2
2 =
1
2
− sz. (2)
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In the pure state, the average value s± = sx ± isy is calculated as:
s+ = ψ
λ∗ ŝ+ψ
λ, s− = ψλ
∗
ŝ−ψλ. (3)
The spin vector for a spin-12 particle is expressed as follows, see [3]:
ŝ =
1
2
σ̂ (4)
where σ̂x, σ̂y, σ̂z are the Pauli matrices:
σ̂x =
(
0 1
1 0
)
, σ̂y =
(
0 −i
i 0
)
, σ̂z =
(
1 0
0 −1
)
. (5)
Then the operators ŝ± are expressed by matrices:
sˆ+ =
(
0 1
0 0
)
, sˆ− =
(
0 0
1 0
)
. (6)
So, substituting these values in (4), we find:
s+ = ψ
1∗ψ2, s− = ψ2∗ψ1. (7)
Accordingly, in a mixed state will be:
ρ12 = s−, ρ
2
1 = s+. (8)
Thus, we associate the components of the spin matrix with the density of particles with spin s = 12
with the mean values of the spin projections on orthogonal x, y, z axes, that is, through sz, sx, sy.
The aim of this work is to obtain an explicit form of the spin wave function for a particle with spin s
= 12 through the mean values of the spin projections onto the orthogonal x, y, z axes. The derivation of
a formula for the superposition of two pure non-orthogonal states based on this representation. A new
idea is that the spin state of a particle can be expressed in terms of a probability distribution. Namely,
in the works [15-18] it was found that the density matrix for a particle with spin s = 12 is expressed in
terms of three values p1, p2, p3 as follows:
ρ =
(
p3 (p1 − 12)−i(p2 − 12)
(p1 − 12) +i(p2 − 12) 1− p3
)
. (9)
Where p1, p2, p3 are probabilities to have the spin +1/2 projection on the axes x,y,z, respectively.
p1, p2, p3 satisfying conditions:
0 ≤ p1, p2, p3 ≤ 1. (10)
Due to the properties of the density matrix, these values are subject to additional restrictions:
(p1 −
1
2
)
2
+ (p2 −
1
2
)
2
+ (p3 −
1
2
)
2
≤ 1
4
. (11)
Equality is achieved when considering pure states.
3
On the basis of this density matrix, we obtain the formula for the spin state of a particle with spin
s = 12 through the probability distributions p1, p2, p3. Arbitrary Paul’s spinor is expressed as follows, see
[3]:
|χ〉 =
(
χ1
χ2
)
. (12)
Make a replacement χ1 = e
iaa, χ2 = e
iβb, where a > 0, b > 0. Then, substituting into formula (12),
we get:
|χ〉 = eiα
(
a
beiγ
)
, γ = (β − α). (13)
Then, using the formula ρ = |ψ〉〈ψ|, we get:
ρ =
(
aa∗ ab∗e−iγ
a∗beiγ bb∗
)
. (14)
Comparing with (9), we obtain that the spin wave function is expressed in terms of probability
distributions p1, p2, p3 as follows:
|χ〉 = eiα
( √
p3√
1− p3eiγ
)
. (15)
where we introduce probabilities given the relationships:
a2 = p3, b
2 = 1− p3, cosγ =
p1 − 12√
p3 (1− p3 )
, sinγ =
p2 − 12√
p3 (1− p3 )
. (16)
Phase α is an arbitrary angular parameter. The value of this parameter does not change the pure
state density operator ρ̂ = |χ〉 〈χ|, which is a gauge-invariant operator of the projector. Further, using
relations (2,8) and (9), we express the probability distributions p1, p2, p3 in terms of the average values
of the spin projection sx, sy, sz on the orthogonal axes x, y, z. We get:
p3 =
1
2
+ sz, p2 =
1
2
+ sy, p1 =
1
2
+ sx. (17)
Then formulas (9) and (15) are transformed through sx, sy, sz as:
|χ〉 = eiα

√
1
2 + sz√
1
2 − sz
(
sx√
( 1
2
+sz)(
1
2
−sz)
+ i
sy√
( 1
2
+sz)(
1
2
−sz)
)  . (18)
ρ =
(
1
2 + sz sx−isy
sx+isy
1
2 − sz
)
. (19)
Thus, formula (18) is a general form of the spin wave function of a particle with spin 1/2 through the
mean values of the spin projections sx, sy, sz. Formula (19) expresses the general form of the density
matrix for a particle with spin s = 12 in terms of the mean values of the spin projections sx, sy, sz, on
the x, y, z axes, respectively.
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3 Derivation of the superposition formula for two pure non-orthogonal
qubit states in the new representation.
Consider the superposition of two pure non-orthogonal qubit states through the introduced new
representation. Based on formula (18), the first state |ψ1〉 is defined as:
|ψ1〉 =
 √12 + sz√
1
2 − szeiγ1
 . (20)
Then, the bra vector has the form:
〈ψ1| =
(√
1
2
+ sz,
√
1
2
− sze−iγ1
)
. (21)
The explicit density matrix ρ = |ψ1〉〈ψ1| of this pure state expressed in terms sz, sx, sy reads:
|ψ1〉〈ψ1| =
 12 + sz √(12 + sz) (12 − sz)e−iγ1√(
1
2 + sz
) (
1
2 − sz
)
eiγ1 12 − sz
 . (22)
Let us introduce the second state-vector of the qubit expressed in terms of the three mean values
Sx, Sy, Sz, of the spin-1/2 projections on the axes x,y,z, respectively, as:
|ψ2〉 =
 √12 + Sz√
1
2 − Szeiγ2
 . (23)
In order to derive the general formula for the superposition of two pure nonorthogonal states of the
qubit expressed in terms of spinors:
|χ1〉 =
(
a1
a2
)
, |χ2〉 =
(
b1
b2
)
. (24)
Such that |a1|2 + |a2|2 = |b1|2 + |b2|2=1 and defined as:
|χ〉 = [c1 |χ1〉+ c2 |χ2〉]. (25)
We consider the matrix:
|χ〉〈χ| =
(
c1a1 + c2b1
c1a2 + c2b2
)
(c∗1a
∗
1 + c
∗
2b
∗
1, c
∗
1a
∗
2 + c
∗
2b
∗
2) . (26)
The obtained matrix provides the density matrix of the superposition state ρχ if one takes into account
the normalization condition, i.e. T= 〈χ| |χ〉=Tr|χ〉 〈χ| provides relation Trρχ=1. Thus the density matrix
is defined as ρχ = |χ〉 〈χ| /〈χ| |χ〉:
ρχ =
1
|c1a1 + c2b1|2 + |c1a2 + c2b2|2
(
|c1a1 + c2b1|2 (c1a1 + c2b1)
(
c∗1a
∗
2 + c
∗
2b
∗
2
)
(c∗1a
∗
1 + c
∗
2b
∗
1)(c1a2 + c2b2) |c1a2 + c2b2|2
)
. (27)
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The superposition state with the density matrix ρχ can be expressed in terms of the three mean values
Sx,Sy,Sz of the spin-1/2 projections on the axes x,y,z, respectively, then:
ρχ =
(
Sz + 12 Sx−iSy
Sx +iSy 12 − Sz
)
. (28)
This density matrix is associated with the normalized pure state |χ0〉 of the form:
|χ0〉 =

√
1
2 + Sz√
1
2 − Sz
(
Sx√
( 1
2
+Sz)( 12−Sz)
+ i
Sy√
( 1
2
+Sz)( 12−Sz)
)  . (29)
i.e ρχ = |χ0〉 〈χ0|.
Our aim is to express Sx,Sy,Sz as functions by sx, sy, sz, Sx, Sy, Sz and coefficients c1and c2.In order
to have the expression of these averages Sx,Sy,Sz as functions of arguments which are also the mean
values of the spin projections we introduce the following relation of the complex numbers c1,c2 with the
formal average meanings 0 ≤ ∑1,∑2,∑3 ≤ 1 given by formulas for the projector |ψc〉 〈ψc| where the
spinor |ψc〉 reads:
|ψc〉 =

√
1
2 +
∑
3√
1
2 −
∑
3
( ∑
1√
( 1
2
+
∑
3)(
1
2
−∑3) + i
∑
2√
( 1
2
+
∑
3)(
1
2
−∑3)
)  . (30)
We use the property that the phase of the complex coefficient c1 can be chosen as zero as well as
normalization condition |c1|2 + |c2|2=1 is compatible with the final expression (27) of the density matrix
of the superposition state.
Comparing the density matrix (27) with its expression (28) on terms Sx,Sy,Sz we have the formulas:
Sz = |c1a1 + c2b1|
2
|c1a1 + c2b1|2 + |c1a2 + c2b2|2
. (31)
Sx−iSy =
(c1a1 + c2b1)
(
c∗1a
∗
2 + c
∗
2b
∗
2
)
|c1a1 + c2b1|2 + |c1a2 + c2b2|2
. (32)
Here we have to express the complex numbers a1, a2, b1, b2, c1, c2 in terms of average meanings, i.e
a1 =
√
1
2 + sz, b1 =
√
1
2 + Sz, c1 =
√
1
2 +
∑
3:
a2 =
√
1
2
− sz
 sx√
(12 + sz)(
1
2 − sz)
+ i
sy√
(12 + sz)(
1
2 − sz)
 . (33)
b2 =
√
1
2
− Sz
 Sx√
(12 + Sz)(
1
2 − Sz)
+ i
Sy√
(12 + Sz)(
1
2 − Sz)
 . (34)
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c2 =
√
1
2
−
∑
3
 ∑1√
(12 +
∑
3)(
1
2 −
∑
3)
+ i
∑
2√
(12 +
∑
3)(
1
2 −
∑
3)
 . (35)
The denominator in expression (32) reads:
T = 1 +
2√(
1
2 + sz
) (
1
2 + Sz
) (∑1
(
Sxsx+Sysy +
(
1
2
+ sz
)(
1
2
+ Sz
))
+
∑
2
(
sySx−sxSy
))
.
(36)
Finally we have:
Sz = −1
2
+
1
T
(
1
2
+ sz +
(
1
2
−
∑
3
)(
1
2
+ Sz
)
+ 2
√(
1
2
+ sz
)(
1
2
+ Sz
)∑
1
)
. (37)
Sy = 1
T
(
sy
(
1
2
+
∑
3
)
+ Sy
(
1
2
−
∑
3
)
+
√(
1
2 + Sz
)(
1
2 + sz
) (∑
1
sy−
∑
2
sx
)
+
√(
1
2 + sz
)(
1
2 + Sz
) (∑
2
Sx+
∑
1
Sy
))
.
(38)
Sx = 1
T
(
sx
(
1
2
+
∑
3
)
+ Sx
(
1
2
−
∑
3
)
+
√(
1
2 + Sz
)(
1
2 + sz
) (∑
1
sx+
∑
2
sy
)
+
√(
1
2 + sz
)(
1
2 + Sz
) (∑
1
Sx−
∑
2
Sy
))
.
(39)
4 Conclusion
We emphasize the main results of this work.
A new representation of the state of a particle with spin s = 1/2 was constructed, in which the state is
identified with three average values of the spin projections m = + 1/2 into three perpendicular directions
(on the x, y, z axes). For pure states, a new formulation of the principle of superposition was found in the
form of a nonlinear rule of adding the average values of spin projections in these three directions. The
formula for the addition of three projections of the spin was found explicitly, and the connection between
this addition and the probabilistic representation of quantum states was determined by identifying states
with probability distributions. This particle with spin s = 12 , found in [16-18]. The formulation of the
principle of superposition of qubit states found in papers can be tested in experiments with particles with
spin s = 12 . Subsequently, the resulting formula can be found for particles with higher spins, for example,
for particles with spin s = 1.
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